Wavelet transforms in a critical interface model for Barkhausen noise by de Queiroz, S. L. A.
ar
X
iv
:0
70
6.
15
74
v2
  [
co
nd
-m
at.
sta
t-m
ec
h]
  1
2 F
eb
 20
08
Wavelet transforms in a ritial interfae model for Barkhausen noise
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Caixa Postal 68528, 21941-972 Rio de Janeiro RJ, Brazil
(Dated: Otober 28, 2018)
We disuss the appliation of wavelet transforms to a ritial interfae model, whih is known to
provide a good desription of Barkhausen noise in soft ferromagnets. The two-dimensional version
of the model (one-dimensional interfae) is onsidered, mainly in the adiabati limit of very slow
driving. On length sales shorter than a rossover length (whih grows with the strength of surfae
tension), the eetive interfae roughness exponent ζ is ≃ 1.20, lose to the expeted value for
the universality lass of the quenhed Edwards-Wilkinson model. We nd that the waiting times
between avalanhes are fully unorrelated, as the wavelet transform of their autoorrelations sales
as white noise. Similarly, detrended size-size orrelations give a white-noise wavelet transform.
Consideration of nite driving rates, still deep within the intermittent regime, shows the wavelet
transform of orrelations saling as 1/f1.5 for intermediate frequenies. This behavior is asribed to
intra-avalanhe orrelations.
PACS numbers: 05.40.-a, 05.65.+b, 75.60.Ej, 05.70.Ln
I. INTRODUCTION
In this paper we use wavelet onepts [1, 2, 3℄ to dis-
uss assorted properties of a single-interfae model whih
has been used in the desription of Barkhausen noise
(BN) [4, 5, 6, 7, 8, 9℄. BN is an intermittent phenomenon
whih reets the dynamis of domain-wall motion in
the entral part of the hysteresis yle in soft ferromag-
nets (see Ref. 10 for a review). By ramping an exter-
nally applied magneti eld, one auses sudden turnings
(avalanhes) of groups of spins. The onsequent hanges
in magneti ux indue a time-dependent eletromotive
fore V (t) on a oil wrapped around the sample. Analy-
sis of V (t), assisted by suitable theoretial modeling, pro-
vides insight into both the domain struture itself and its
dynamial behavior. It has been proposed that BN is an
illustration of self-organized ritiality [4, 11, 12, 13℄,
in the sense that a broad distribution of sales (i.e.
avalanhe sizes) is found within a wide range of variation
of the external parameter, namely the applied magneti
eld, without any ne-tuning. The interfae model stud-
ied here [4℄ inorporates a self-regulating mehanism, in
the form of a demagnetization fator.
This way, real-spae properties, e.g., interfae rough-
ness, reet the divergene of the system's natural length
sale, as it self-tunes its behavior to lie lose to a seond-
order (interfae depinning) transition. In this ontext,
the appliation of wavelet transforms, whih by onstru-
tion inorporate multiple length sales [1, 2, 3℄, is natu-
rally suggested.
Also, when one onsiders the time series of intermittent
events whih haraterizes BN, a broad range of varia-
tion of V (t) is shown, in orrespondene with the sim-
ilarly wide distribution of avalanhe sizes. Speially
∗
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onsidering the model of Ref. 4, it is known that the de-
magnetizing term is responsible for the introdution of
short-time negative (inter-avalanhe) orrelations (suh
orrelations are observed in experiments as well) [4, 9℄.
Thus, a nite time sale (loading time) is introdued,
whih oexists alongside the broad distribution of V (t).
The tool most frequently used in the analysis of BN time
series is the Fourier power spetrum, i.e., the (osine)
Fourier transform of the time-time autoorrelation fun-
tion of the signal V (t) [10, 14, 15℄. BN power spetra ex-
hibit distint types of behavior along dierent frequeny
ranges, reeting the fat that nite internal times play
relevant roles. For instane, the loading times referred to
above are expeted to inuene the low-frequeny end
of the power spetrum, whih pertains to inter-avalanhe
orrelations, while the high-frequeny tail relates to intra-
avalanhe ones. It has been stated that understanding
the power spetrum of the magnetization noise is a long
standing problem [15℄.
Some existing appliations of wavelet transforms to the
analysis of V (t) [16, 17, 18℄ mainly aim at demonstrat-
ing that the resulting spetra an suessfully distinguish
between BN originating from physially distint mate-
rials (e.g., samples under diering amounts of internal
stress). Semi-empirial lassiation shemes have been
proposed [17, 18℄. Wavelet (Haar) transforms [1℄ have
also been employed in onjuntion with standard Fourier
series, in order to produe higher-order power spetra
of experimental data for V (t) [13, 19, 20℄. Analysis of
the orresponding results provides relevant evidene on-
erning orrelations between events at dierent frequeny
sales. While in this work we shall deal only with rst-
order transforms, in Se. IV below we shall omment
on possible onnetions of our own ndings to those of
Refs. 13, 19, 20.
The paper is organized as follows. In Se. II we reall
pertinent aspets of the interfae model used here, and of
our alulational methods, as well as some basi features
2of wavelet transforms. In Se. III we onsider the sal-
ing of interfae roughness ongurations. In Se. IV we
investigate properties extrated from time series, namely
waiting-time and avalanhe size orrelations. Finally, in
Se. V, onluding remarks are made.
II. MODEL AND WAVELET TRANSFORMS
A. Single-interfae model for BN
We use the single-interfae model introdued in Ref. 4
for the desription of BN. In line with experimental pro-
edure, the external eld H ating on the sample is as-
sumed to inrease linearly in time, therefore its value is
a measure of time. Initially, we onsider the adiabati
limit of a very slow driving rate, thus avalanhes are on-
sidered to be instantaneous (ourring at a xed value
of the external eld). In this simplied version, a plot
of V (t) against t onsists of a series of spikes of varying
sizes, plaed at non-uniform intervals. Generalizations
for a nite driving rate may be devised [6, 21, 22℄; they
are investigated in Subsetion IVD below.
Simulations are performed on an Lx×Ly×∞ geometry,
with the interfae motion set along the innite diretion.
Here we onsider Ly = 1 (system dimensionality d =
2, interfae dimensionality d′ = 1). Periodi boundary
onditions are imposed at x = 0, L .
The interfae (180-degree domain wall separating spins
parallel to the external eld from those antiparallel to it)
is omposed by L disrete elements whose x oordinates
are xi = i, i = 1, . . . , L, and whose (variable) heights
above an arbitrary referene level are hi. The simulation
starts with a at wall: hi = 0 for all i.
Eah element i of the interfae experienes a fore given
by:
fi = u(xi, hi) + κ [hi+1 + hi−1 − 2 hi] +He , (1)
where
He = H − ηM . (2)
The rst term on the right-hand side of Eq. (1) represents
quenhed disorder, and is drawn from a Gaussian distri-
bution of zero mean and width R; the intensity of surfae
tension is set by κ, and the eetive eld He is the sum of
a time-varying, spatially uniform, external eld H and a
demagnetizing eld whih is taken to be proportional to
M = (1/L)
∑L
i=1 hi, the magnetization (per site) of the
previously ipped spins for a lattie of transverse width
L. Here we mostly use R = 5.0, κ = 1.0, η = 0.005,
values for whih fairly broad distributions of avalanhe
sizes are obtained [5, 6, 7, 8℄. The exeption is Se. III,
where (for reasons to be explained), we allow the surfae
tension κ to vary.
The dynamis goes as follows. For xed H , starting
from zero, the sites are examined sequentially; at those
for whih fi > 0, hi is inreased by one unit, with M
being updated aordingly; the orresponding new value
of u is drawn. The whole interfae is swept as many times
as neessary, until only sites with fi < 0 are left, whih
marks the end of an avalanhe. The external eld is then
inreased until fi = 0 for at least one site. This is the
threshold of a new avalanhe, whih is triggered by the
update of the site(s) with fi = 0, and so on.
Beause of the demagnetizing term, the eetive eld
He at rst rises linearly with applied eld H , and then,
upon further inrease in H , saturates (apart from small
utuations) at a value rather lose to the ritial exter-
nal eld for the orresponding model without demagneti-
zation [4, 5℄.
B. Wavelets
Wavelets are haraterized by a sale parameter, a, and
a translation parameter, b, suh that the wavelet basis,
{ψa;b(x)} an be entirely derived from a single funtion
ψ(x) through
ψa;b(x) = ψ
(
x− b
a
)
. (3)
The wavelet transform of a funtion f(x) is given by:
W [f ](a, b) = 1√
a
∫
∞
−∞
ψ∗a;b(x) f(x) dx . (4)
Here we shall use the Daubehies wavelet family [1, 2, 3℄.
These are real funtions (appropriate in the present ase
where the input signal is always a real number, whether
it be an interfae height or a voltage); in the disrete
transform [2℄ implementation used here, the sales {a}
are hierarhially distributed, i.e., aj = 2
−j a0. We have
experimented with the Daubehies wavelets of orders [1℄
4, 12, and 20, and found that, similary to Ref. 3, the
quality of our results does not seem to depend on that.
Therefore we have hosen the lowest order, Daub4, for
our alulations.
It must be noted that the Daubehies wavelet lter
oeients used here inorporate periodi boundary on-
ditions [2℄. In the appliations to be disussed, for eah
ase we shall omment on the spei onsequenes of
this onstraint.
Furthermore, following Ref. 3, we have hosen to av-
erage over the translation parameters b, thereby arriving
at a set of averaged wavelet oeients to be denoted by
W [f ](a). Among the several possible hoies, we have
found that averaging the squared oeients tends to
give smoother results than, e.g., using absolute values [3℄.
Thus, we dene:
W [f ](a) =
[
〈(W [f ](a))2〉b
]1/2
, (5)
where 〈·〉b stands for average over the translation param-
eters b.
3III. REAL SPACE PROPERTIES: INTERFACE
ROUGHNESS
We begin by applying wavelet transforms to interfae
roughness data. The roughness w2 of a utuating in-
terfae with N elements is the position-averaged square
width of the interfae height above an arbitrary referene
level [23, 24℄:
w2 = N
−1
N∑
i=1
(
hi − h
)2
, (6)
where h is the average interfae height. Self-anity prop-
erties are expressed in the Hurst, or roughness exponent
ζ [25, 26℄:
〈w2(L)〉 ∼ L2ζ , (7)
where angular brakets stand for averages over the en-
semble of allowed interfae ongurations, and [for the
(1 + 1) dimensional systems whih will be our main on-
ern here℄ L is the prole length.
Numerial evidene has been given [8℄ that, as regards
interfae onguration aspets, the model desribed here
is in the quenhed Edwards-Wilkinson universality lass.
Thus [27, 28, 29, 30℄ one expets ζ ≃ 1.25 in d = 2 .
We have simulated BN through the evolution in time
of the adiabati, d = 2 version of the model desribed
above. Steady state, i.e., the stabilization ofHe of Eq. (2)
against external eld H , ours after some 200 events,
for the range of parameters used here. In order to avoid
start-up eets, here and in all subsequent setions we
have used only steady-state data in our statistis. At
the end of eah avalanhe, we wavelet-transformed the
instantaneous onguration of interfae heights, i.e. the
set of {hi}, i = 1, . . . , L. As the avalanhes progress, one
gets a sampling of suessive equilibrium ongurations,
whih in turn provides us with an ensemble of the or-
responding wavelet oeients. For eah sale these are
then translation-averaged, as explained above.
In this ase, the periodi boundary onditions imposed
at the interfae extremities are naturally onsistent with
those impliit in the wavelet transform, thus no potential
mismath arises.
For omparison with BN simulation data, we gener-
ated an artiial prole with ζ = 1.25, using the random
midpoint displaement algorithm [31℄. Although earlier
appliations of wavelet transforms to frational Brownian
motion were restrited to 0 < ζ < 1 in Ref. 3, we found no
tehnial impediments in going above that upper limit.
It is known that proles with ζ > 1 are rather
smooth [32℄. This is apparently at odds with the results
to be expeted from the fore law, Eq. (1), from whih
the random loations of pinning enters would favor a
rugged interfae shape. Thus, it is worth looking at in-
terfae ongurations in real spae. One antiipates from
Eq. (1) that the surfae tension must play an important
role in this ontext. Aordingly, we allowed κ to vary
Figure 1: (Color online) Snapshots of typial interfae on-
gurations. All with 4096 sites, and periodi boundary on-
ditions at the edges. (a)(): two-dimensional BN simula-
tion, with varying surfae tension (see Eq. (1)), respetively:
κ = 1.0 (a), 3.0 (b), and 10.0 (). (d): artiial prole with
ζ = 1.25.
by one order of magnitude. In Fig. 1, one sees that on a
xed (system-wide) sale, the persistene trends hara-
teristi of ζ > 1/2 are indeed reinfored by inreasing κ.
One an have a quantitative understanding of the
trends shown in Fig. 1, with the help of wavelet trans-
forms. The orresponding results are displayed in Fig-
ure 2, where the horizontal axis is in units of inverse
length sale, or wavenumber k ≡ 1/a. From saling
arguments [3℄, the averaged wavelet oeients W [h](k)
for a self-similar prole are expeted to vary as
W [h](k) ∼ k−[(1/2)+ζ] . (8)
A least-squares t of a power-law dependene to the
artiial-prole data for 64 ≤ k ≤ 4096 gives ζ = 1.25(1).
Suh a entral estimate and its unertainty are both in
line with orresponding results for 0 < ζ < 1 [3℄.
One sees that for BN data, ζ ≃ 1.25 holds only up to a
rossover sale, whih (as argued above) inreases with κ.
This is illustrated in the inset of Fig. 2, where a setion,
with 1/32 of the full length of the ragged κ = 1.0 interfae
of Fig. 1 (a), is examined. On this sale, the prole is
indeed muh smoother than its parent.
A t of 64 ≤ k ≤ 4096 data for κ = 10.0 results in
ζ = 1.19(3). This an be ompared, e.g., with nite-
size saling estimates via Eq. (7) for the present model
with κ = 1.0, and a sequene of 400 ≤ L ≤ 1200 with
O(106) ongurations eah, for whih one quotes ζ =
1.24(1) [8℄. Eq. (6) reminds one that the latter method
4Figure 2: (Color online) Double-logarithmi plot of averaged
wavelet oeients against wavenumber k. Symbols joined
by ontinuous lines: wavelet transform of interfae roughness
data from two-dimensional BN simulation (interfae dimen-
sionality d′ = 1). L = 4096, 105 samples, with varying surfae
tension κ (see Eq. (1)). Crosses: wavelet transform of syn-
theti prole with Hurst exponent ζ = 1.25. L = 4096, 103
samples. Continuous line at bottom right has slope −1.75.
Inset: setion of length L′ = 128 of typial prole for κ = 1.0,
illustrating interfae smoothness on short sales (ompare
Fig. 1 (a)).
only onsiders utuations on short sales, thus in the
present ase it rightly aptures the persistent behavior
harateristi of that limit (at the expense of not being
sensitive to the dierent trends that dominate the piture
at larger sales).
We onlude that the quantitative behavior exhibited
by interfae roughness in BN is likely to hange when
studied on varying length sales. Though a regime should
exist, whih displays lose similarity to the Edwards-
Wilkinson lass of interfae evolution problems, this
should ross over to a more ragged piture on larger sales
(the preise loation of suh hange being determined by
the interplay between quenhed randomness and surfae
tension). Wavelet transforms are thus a partiularly suit-
able method for the study of this problem, on aount of
the equal aess that is provided to multiple length sales.
IV. TIME SERIES AND POWER SPECTRA
A. Introdution
As explained above, owing to the assumed linear in-
rease of applied eld with time (in analogy with exper-
imental setups), we shall express time in units of H as
given in Eqs. (1) and (2).
Initially we onsider the adiabati limit of very slow
driving.
In experiment, the integrated signal
∫
∆t
V (t) dt is pro-
portional to the magnetization hange (number of up-
turned spins) during the interval ∆t. In the adiabati
approximation, a box-like shape is impliitly assumed for
eah avalanhe (i.e. details of the internal struture of
eah peak, as it develops in time, are ignored, on aount
of its duration being very short), thus the instantaneous
signal intensity (spike height) is proportional to the or-
responding avalanhe size.
As the signal is intermittent, there are signiant pe-
riods (waiting times, WT ) of no ativity at all. Waiting
time distributions for the adiabati regime were exam-
ined in Ref. [9℄. These were found to be rather at, apart
from (i) a sharp uto at the high end (related to the -
nite uto in the avalanhe size probability distribution),
and (ii) a number of peaks onentrated in a somewhat
narrow region, whih are assoiated to very frequent and
small, spatially loalized (i.e., non-ritial) events involv-
ing typially N = 1− 10 sites [6℄.
We investigate the auto-orrelations of two quantities,
namely waiting times (WT ), and avalanhe sizes (i.e.,
BN spike voltages V ). For X =WT, V we alulate nor-
malized, two-time onneted orrelations, averaged over
t:
GX(τ) ≡ 〈X(t)X(t+ τ)〉t〈X(t)〉2t
− 1 . (9)
For a system with L = 400, we have generated 2 × 104
distint time series of BN events. It is known [4℄ that, on
aount of the demagnetizing fator, size-size orrelations
are negative at short times, and deay with a harateris-
ti relaxation time whih (for this system size, and for the
values of physial parameters used here), is τ0 ≃ 0.14 [9℄.
Thus, for eah sample we alulated orrelations in the
range 0 ≤ τ ≤ R, R = 1.2, by sanning moving win-
dows of width R along an interval of width 10R. In
preparation for ulterior wavelet analysis, the results were
binned into N = 1024 equal-width bins. Our results are
depited in Fig. 3.
The exponential behavior of size data, noted ear-
lier [4, 9℄, is learly disernible in the Figure even for
τ & 0.3, by whih stage the signal-to-noise ratio has
dipped to something lose to unity. Waiting-time orre-
lations initially seem to follow a similar exponential trend
(with a time onstant ≃ 1/4 that for their size ounter-
part); however, a sharp shoulder develops at τ ≈ 0.1,
signalling an abrupt end to the exponential regime. This
indiates that negative waiting-time and size orrelations
have diering underlying auses.
B. Waiting-time orrelations
Indeed, in alulating the orrelations shown in Fig. 3,
the time separation τ between any two waiting times is
5Figure 3: (Color online) Waiting-time (WT) and size orre-
lations (see Eq. (9)) against time in the adiabati regime,
for system with L = 400, 2 × 104 samples. Inset: absolute
values of GX(τ ) on semi-logarithmi plot, same data range as
in main Figure.
onsidered to be the separation between their respe-
tive starting moments (the same is done for size or-
relations, but it turns out to be of no further onse-
quene, as avalanhes are instantaneous in the adiabati
regime). This implies that the minimum separation be-
tween two waiting times is the extent of the shortest of
the two. Therefore, an eet arises at very short times
τ , whih is the analogue of hard-ore repulsion for sto-
ihiometri problems in real spae. Sine the distribu-
tion of waiting times is at on a logarithmi sale [9℄
(thus P (WT ) ∼ 1/WT on a linear sale), and assuming
waiting times to be unorrelated (to be heked below),
Eq. (9) gives |GWT (τ)| ≈ 1− a τ ≃ exp(−aτ) for τ → 0.
In order to eliminate this artifat, we then deided to
index waiting times simply by their order of ourrene,
thus (with j, k nonnegative integers)
G ′WT (j) =
〈WT (k)WT (k + j)〉k
〈WT (k)〉2k
− 1 . (10)
In analogy with our earlier proedure, orrelations were
aumulated for j = 1, . . . , N (N = 1024) by generat-
ing 20 independent series of 10N onseutive events; for
eah series we sanned moving windows, eah ompris-
ing N + 1 events, i.e., N waiting times. This time, the
result was essentially at noise, with no apparent short-
time struture (see inset in Figure 4 below). Therefore,
further haraterization must proeed via spetral analy-
sis. We briey reall how this an be done using wavelets.
Assume one has 1/fα noise. One alulates and
wavelet-transforms the orresponding ensemble-averaged
0 500 1000
-0.005
0
0.005
Figure 4: (Color online) Double-logarithmi plot of averaged
wavelet oeients against frequeny f . Squares: wavelet
transform of waiting-time autoorrelation data from two-
dimensional BN simulation in the adiabati regime, alu-
lated aording to Eq. (10). L = 400, 20 independent series
of 10 × 1024 waiting times. Crosses: wavelet transform of
autoorrelations for syntheti 1/fα noise, α = 1/2, L = 4096,
5 × 103 samples. A least-squares t of 16 < f < 1024 data
gives α = 0.51(1). Continuous line has slope −1/2. Inset:
waiting-time orrelations from BN simulation, alulated a-
ording to Eq. (10).
autoorrelations, and then translation-averages the re-
sulting oeients at eah sale. Denoting the set of aver-
aged wavelet oeients by {W [g](T )}, where {T } stands
for the hierarhial set of wavelet timesales, and hang-
ing the independent variable to frequeny f = 1/T , one
expets from saling [3, 26℄:
W [g](f) ∼ f−α . (11)
For α > 1 this is derived immediately from Eq. (8), plus
the exponent relation α = 1+2ζ [8, 24℄. Though for 0 ≤
α ≤ 1 the saling of umulants of the noise distribution
diers from that for α > 1, the basi saling properties
underlying Eq. (11) remain valid [23℄.
Eq. (11) an be tested with pure 1/fα noise via the
usual proedure of rst produing a sequene of Gaussian
white noise, Fourier-transforming that sequene, multi-
plying the Fourier omponents by f−α/2 and then invert-
ing the Fourier transform [23, 33℄. The resulting sequene
is pure 1/fα noise. An example with α = 1/2 is shown
in Figure 4 below.
Our results for BN are shown in Fig. 4. Apart from the
lowest frequeny sale (whih is not expeted to fall in
line with the rest, as it represents the most smoothed-
out behavior [2℄), the atness of the averaged oe-
ients against varying sales strongly indiates that α = 0
6(white noise), i.e., waiting times are indeed unorrelated.
The sequenes of waiting-time orrelation data of
ourse need not be periodi. However, as seen above,
they behave as random noise. Contrarily to, e.g., gen-
eralized brownian-motion proles, suh data are non-
umulative (i.e., they are not onstrained in the fashion of
onseutive positions of a random-walker, whih annot
dier by more than one step length). Thus, the periodi
boundary onditions impliit in the wavelet transform are
not expeted to introdue signiant distortions in their
analysis.
C. Size orrelations: adiabati regime
We now turn to the treatment of voltage data. For the
adiabati version of the interfae model, of ourse only
inter-avalanhe voltage orrelations an be evaluated. As
mentioned above, the data in Fig. 3 are very well tted by
an exponential, with a loading time τ0 = 0.14(1). One
then expets the Fourier power spetrum to be essentially
at for f ≪ τ−10 , and to behave as 1/f2 for f ≫ τ−10 .
This has indeed been found, e.g., in ref. [6℄.
The orrelations to be wavelet-transformed are non-
periodi and follow a lear baseline trend, therefore one
needs to assess and eliminate potential distortions aused
by: (i) using a periodi wavelet basis, and (ii) the baseline
trend itself.
In Fourier analysis, the standard way to deal with (i)
is by zero-padding a region around the funtion to be
transformed [2℄. However, zero-padding does not work
well when the funtion varies by orders of magnitude be-
tween the extremes of the interval [2℄, as is the ase here
where only utuations are left at the upper end. Teh-
niques have been developed to remove the eets of peri-
odi boundary onditions from wavelet transforms (i.e.,
to onsider wavelets on the interval) [34℄. These have
very reently been translated into published omputer
ode [35℄, restrited to the Daub4 lass. In the following,
motivated espeially by the need to address point (ii), we
propose a simplied approah based on detrending ideas.
Combinations of wavelet deomposition and detrending
have been investigated [36℄; however, the averaged oef-
ient analysis whih is our main onern here has not
been onsidered, exept for some very simple ases (linear
and quadrati drift [3℄).
We rst illustrate how the averaged oeients are af-
feted by an overall exponential trend. Using the periodi
Daub4 basis, we wavelet-transformed the size-orrelation
tting funtion, GfitV (τ) = − exp(−τ/τ0). From Eq. (4),
one has:
W [GfitV ](a, b) =
1√
a
∫
∞
−∞
ψa;b(x) e
−x/τ0 dx . (12)
By hanging variables, Eq. (12) turns into:
W [GfitV ](a, b) =
√
a e−b/τ0
∫
∞
−∞
ψ1;0(x
′) e−ax
′/τ0 dx′ .
(13)
The rst p = M/2 moments (starting at zeroth order)
of Daubehies wavelets of order M vanish [2℄. Thus, for
M = 4 as is the ase here, Taylor-expanding the expo-
nential in the integrand of Eq. (13), one sees that the
lowest-order non-zero term is proportional to a5/2, i.e.,
W [GfitV ](a, b) ∝ a5/2 e−b/τ0 +O(a7/2) . (14)
We evaluated GfitV (τ) at N = 4096 equally-spaed points
in the interval 0 < τ < 1.5, and wavelet-transformed it.
For eah hierarhial level j > 2, we plotted all 2j wavelet
oeients, and found that they fall on the exponential-
deay pattern of the original funtion, and (at the jth
hierarhial level) are proportional to 2−5j/2, both fea-
tures as predited in Eq. (14), exept for the last two
(wraparound oeients [2℄). In order to fulll the im-
pliitly assumed periodiity of the original funtion, the
latter oeients take values ∼ 10j larger than the last
preeding one (see an example for j = 5 in the inset of
Fig. 5). Inluding these data in the oeient-averaging
proedure would introdue sizeable distortions (we did it,
and found that the oeients thus averaged behave as
1/f , whih is in lear disagreement with the predition
of Eq. (14) of a saling power 5/2).
To orret this artifat, we disarded the wraparound
oeients from the averaging proedure. Similar pro-
edures have been adopted elsewhere [36℄. As an be
seen in Fig. 5, this was enough to restore the expeted
behavior. Thus, point (i) above has been dealt with.
We also wavelet-transformed GfitV (τ) using the periodi
Daub12 basis. As expeted, the oeients behaved ap-
proximately as a13/2 e−b/τ0 . The last four oeients
at eah hierarhial level showed onsiderable inrease
against the exponential-deay pattern (as opposed to the
last two for Daub4). In summary, as regards point (ii)
we have shown that the most prominent feature of the
wavelet transform (in the ontext of average wavelet o-
eient saling), namely the Hurst-like exponent, of suh
a smooth funtion as the exponential t is in fat basis-
dependent.
Thus, our simulational data must be detrended in or-
der to eliminate distortions oming from the smooth
baseline, whih risk ontaminating all sales. We did
this by rst subtrating the dominant exponential be-
havior given by GfitV (τ); for further renement, we then
removed some remaining non-monotoni mismath via
least-squares t of a seondary adjusting funtion f(τ)
(a fourth-degree polynomial enveloped by a single ex-
ponential), so GdV (τ) = GV (τ) − GfitV (τ) − f(τ). The
result of wavelet-transforming the fully detrended or-
relations is depited in Fig. 6, while the orresponding
raw (detrended) data are shown in the inset of the same
Figure (together with f(τ), so one an have a quantita-
tive estimate of how far the single-exponential t goes
to desribe the un-detrended data). Note that f(τ) has
signiant smooth variations on sales of δτ = 0.05 or
longer, whih translate into wavevetors k . 32. We have
wavelet-transformed partially-detrended data [ i.e., with-
out subtrating f(τ) ℄. The respetive averaged wavelet
7Figure 5: (Color online) Main diagram: double-logarithmi
plot of averaged wavelet oeients against frequeny f .
Squares: wavelet transform of N = 4096 points of tting
funtion for size orrelations, G fitV (τ ), for 0 < τ < 1.5. At
eah hierarhial level j > 2, the last two oeients were
omitted from the averages (see text). Continuous straight
line has slope −5/2. Inset: semilogarithmi plot of (absolute
value of) all 32 wavelet oeients W[G fitV ](a, b) [denoted by
Wa(b)℄ against translation parameter b, at hierarhial level
j = 5.
oeients are ∼ 10 times larger than those for the fully-
detrended urve for k ≤ 16, and fall fast for inreas-
ing k: at k = 64 the ratio is 1.4, and for k > 64 both
sets oinide to within less than 1%. So, failing to sub-
trat f(τ) introdues artiially large oeients at large
sales, whih are not noise-related.
Note that similar remarks apply here as in the earlier
ase of waiting-time orrelations, namely, sine GdV (τ) is
essentially noise around a horizontal baseline, the peri-
odi boundary onditions impliit in the wavelet trans-
form must not imply any signiant distortion in our re-
sults.
The results exhibited in the main diagram of Fig. 6
strongly indiate that the detrended size orrelations be-
have as 1/f0 (white) noise. We defer disussion of this
until the next Subsetion, where departures from the adi-
abati regime are investigated.
D. Size orrelations: nite driving rate
In order to disuss intra-avalanhe orrelations, one
must introdue a nite driving rate [6, 21, 22℄, so sep-
arate events within the same avalanhe an be asribed
to dierent instants in time. In line with standard pra-
tie [14, 21, 37, 38, 39℄ our basi time unit is one lat-
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Figure 6: (Color online) Double-logarithmi plot of averaged
wavelet oeients against frequeny f . Squares: wavelet
transform of detrended size autoorrelation data, G dV (τ ) from
two-dimensional BN simulation in the adiabati regime. L =
400, 2 × 104 samples. Inset: full lines: fully-detrended size
orrelations from BN simulation; dashed line: seondary ad-
justing funton f(τ ) (see text).
tie sweep, during whih the external eld is kept on-
stant, and all spins on the interfae are probed sequen-
tially as desribed above. In the adiabati regime, the
external eld is kept onstant for the whole duration of
an avalanhe, i.e. for as many sweeps as it takes until
no unstable sites are found along the interfae. At nite
driving rates, the eld is inreased by a xed amount,
heneforth denoted ∆, at the start of eah sweep while
an avalanhe is taking plae. Eventually, no more un-
stable sites will be left, and then one proeeds as in the
adiabati regime, inreasing the eld by the minimum
amount δH neessary to start a new avalanhe. In these
real time units, the waiting time between the end of one
event and the start of the next is then δH/∆; however, in
order to produe meaningful omparisons, espeially be-
tween data aquired in the adiabati and non-adiabati
regimes, it will be useful to keep referring to the ab-
solute sale given by the applied eld H itself, whih
unequivoally loates events along the hysteresis yle.
As ∆ grows, the intermittent harater of events is
gradually lost as more and more avalanhes oalese [6℄,
and one eventually rosses over to a regime in whih the
interfae is fully depinned, i.e. it moves at non-zero av-
erage speed.
In Fig. 7 we show autoorrelations for driving rates still
within the intermittent regime, ompared with those for
the adiabati limit. The most signiant hange upon
inreasing ∆ is the eetive loss of negative short-time
orrelations. In fat, this represents an exess of posi-
8Figure 7: (Color online) Normalized two-time orrelations
(averaged over t) 〈V (t)V (t + τ )〉/〈V (t)〉2 − 1 from two-
dimensional BN simulation, for system with L = 400, and
driving rates ∆ as given in key to symbols (∆ = 0 orre-
sponds to adiabati limit). Time is given in applied eld
units, i.e. absolute sale (see text).
tive intra-avalanhe ontributions, on top of the negative
inter-avalanhe terms (and some intra-avalanhe ones as
well) whih still exist for non-zero ∆ (on aount of
the demagnetizing fator). Positive reinforements arise
mostly beause, when many sites are overturned during
one lattie sweep, that same number of new sites will be
probed by the interfae. For eah new site, the quenhed
randomness term in Eq. 1 may, or may not, ontribute to
further motion with roughly equal hanes. By ontrast,
at a site whih remains pinned during one sweep, the in-
terfae stands fewer hanes of getting unstuk, as the
ontribution from the randomness term is kept onstant;
depinning of suh a site is more likely to happen if the
eld is substantially inreased, i.e., during a subsequent
avalanhe.
We detrended the ∆ 6= 0 data of Fig. 7 by similar pro-
edures to those used earlier for ∆ = 0. The main dier-
ene was that detrending was done in a single stage, t-
ting f(τ) desribed in Subse. IVC to the raw data, and
then subtrating the least-squares-t from the original
data. The results of wavelet-transforming the detrended
data are shown in Figure 8.
One an see that, as opposed to the adiabati regime,
data for nite driving rates learly exhibit a downward
trend for a range of intermediate frequenies, spanning
3-4 hierarhial levels, and whih is haraterized by an
approximate 1/f1.5 behavior (the straight line segments
in the Figure have slope −1.5). Furthermore, with the
absolute frequeny f given in inverse applied eld units,
Figure 8: (Color online) Double-logarithmi plot of averaged
wavelet oeients against frequeny f , from wavelet trans-
form of detrended size autoorrelation data, G dV (τ ), for two-
dimensional BN simulations of system with L = 400, and
assorted driving rates ∆. Key to symbols is the same as in
Fig. 7 (∆ = 0 orresponds to adiabati limit). Frequeny
is given in inverse applied eld units, i.e. absolute sale
(see text). Plots suessively shifted downward by a fator
of 10 on vertial sale, to avoid superposition. Straight line
segments mark subsets of ∆ 6= 0 regime where approximate
1/f1.5 behavior holds.
and∆ given in units of applied eld hange per unit time,
dimensional arguments show that f ′ ≡ f ∆ is the nat-
ural frequeny variable (i.e., inverse real time). This
is shown more learly on a saling plot, Figure 9, where
use of f ′ as the independent variable auses the 1/f1.5
setions of all ∆ 6= 0 data to ollapse.
Given that, in these slow- (but non-adiabati) driv-
ing regimes, avalanhe oalesene omprises only a small
fration of events [6℄, one an say that approximately the
same sequene of avalanhes ours for all ∆ investigated
here, only at dierent real paes. Sine the real time
interval between onseutive avalanhes is δh/∆, and as-
suming δh to be the same, for dierent values of ∆, be-
tween two given avalanhes (for the reasons just men-
tioned), one sees that inter-avalanhe orrelations will
shift to higher real frequenies as ∆ grows. On the
other hand, within a given avalanhe, two sub-events
separated by a given number of lattie sweeps are (by
denition used in the simulation) separated by the same
real time interval, thus their orrelations are not shifted
in real frequeny for varying ∆. Therefore we onlude
that the ollapsing setions of the saling plot orrespond
mainly to intra-avalanhe orrelations.
First-order (Haar) spetra of experimental BN data
show that, for Fe21Co64B15 the high-frequeny setion
9Figure 9: (Color online) Double-logarithmi saling plot of
averaged wavelet oeients against natural frequeny f ′ ≡
f ∆, from wavelet transform of detrended size autoorrelation
data, G dV (τ ), for two-dimensional BN simulations of system
with L = 400, and assorted driving rates ∆ 6= 0. Key to
symbols is the same as in Figs. 7 and 8. Full straight line has
slope −1.5 .
falls initially as f−1.2, and then rosses over to f−1.9,
while for Fe Si the deay is with f−1.65 [19, 20℄. Though
the exponent values in both ases are not too dissimilar to
the one found here, analysis of higher-order spetra [13℄
leads to a more nuaned piture. For Fe21Co64B15, it
is found that most of the power in the high-frequeny
range omes from intra-pulse orrelations [19℄, similar to
our onlusion above, whereas for Fe Si the onlusion
was that the high-frequeny power is mainly onneted
to the inter-pulse sort [20℄. Therefore it would appear
that the dynamis of the present model is loser to that
of BN in materials like Fe21Co64B15 than in Fe Si.
V. DISCUSSION AND CONCLUSIONS
We have disussed the appliation of wavelet trans-
forms to the desription of both real-spae and time-like
properties of an interfae model, whih is used for the de-
sription of Barkhausen noise in soft ferromagnets. Most
of our alulations involved the saling properties of posi-
tional averages of wavelet oeients, taken at eah hier-
arhial (size) level, as rst proposed in Ref. 3. In some
instanes we showed that diret analysis of individual
oeients was alled for, in order to unravel artiial
eets whih would otherwise distort our aggregate re-
sults.
Here we onsidered the d = 2 version of the model
(thus the interfae dimensionality is d′ = 1), mainly in
the adiabati limit of very slow driving, for whih the
sudden avalanhes of domain wall motions are onsid-
ered to our instantaneously. In Subsetion IVD, we
extended our study to nite driving rates, in order to
analyze intra-avalanhe orrelations
Our investigation of real-spae aspets onsisted in the
evaluation of the harateristi interfae roughness expo-
nent ζ. On sales shorter than a rossover length (whih
turns larger as the intensity of surfae tension grows),
we get ζ = 1.20(3), lose to ζ = 1.24(1), derived by
other methods for the same model [8℄, and also to as-
sorted estimates for quenhed Edwards-Wilkinson sys-
tems [27, 28, 29, 30℄, whih give ζ ≃ 1.25.
Turning to time series, in Subsetion IVB we showed
that a proper indexation of the sequene of waiting-times
between avalanhes is ruial, in order to avoid artiial
short-time negative orrelations. Proedures similar to
that used here, namely, indexing waiting times simply
by their order of ourrene (instead of using the start-
ing time of eah interval), have been used onsistently in
the ontext of self-organized ritiality saling [40℄. Our
nal result (see Fig. 4) was that the orrelations between
waiting times are white noise, i.e., these quantities are
fully unorrelated. Going bak to the rules of interfae
motion, and to Eqs. (1) and (2), one sees that this is a sig-
nature of the quenhed-randomness term u(xi, hi). This
fat is in ontrast to the behavior of size orrelations,
whih are strongly inuened by demagnetization [4, 9℄.
In Subsetion IVC, we started from the known fat
that, in the adiabati regime, size-size orrelations are
negative at short times, and deay approximately as an
exponential [4, 9℄. By diret analysis of (non-averaged)
wavelet oeients, we illustrated pratial ways to deal
with artifats introdued by the periodiity of the wavelet
basis used. It turned out that the smooth baseline fun-
tion, to whih noise data are tted, an introdue distor-
tions at all levels of the wavelet transform. Furthermore,
suh distortions are non-universal in the sense that they
depend on the wavelet basis. Thus, in order to obtain
meaningful results from averaged wavelet oeients, one
must fully detrend the raw data. One we did so, we
found strong indiations that the detrended size orre-
lations behave as white noise (see Fig. 6). This is ap-
parently at odds with earlier (Fourier) power-spetrum
results (see, e.g., Ref. 6 and referenes therein), whih
would lead one to expet 1/f2 behavior, at least for high
frequenies. However, the derivation of the latter result
(e.g., by diret integration) fully takes into aount the
exponential baseline shape, thus one is referring to a dif-
ferent objet. Here, as explained above, we are dealing
with detrended data.
Finally, in Subsetion IVD, we onsidered size orre-
lations against time in non-adiabati regimes (but well
within the driving-rate range where intermitteny still
holds [6℄). For driving rates∆ spanning one order of mag-
nitude, we found rather well-dened frequeny intervals
for whih detrended orrelations behave as f−α, α ≈ 1.5,
By hanging variables from absolute to natural fre-
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queny, we found that said intervals ollapse together,
whih indiates that they pertain to intra-avalanhe or-
relations. Rather than attahing muh signiane to
the numerial value of the power-law exponent (sine
the shortness of the interval along whih suh behavior
holds prevents one from doing so), one must emphasize
the good degree of urve ollapse exatly in that se-
tion, and only there. This indiates that this setion is
the "speial" one, i.e. it orresponds to the frequeny
range along whih universal (driving-rate independent)
properties hold. Furthermore, our onsiderations lead-
ing to the onlusion that suh saling behavior reets
intra-avalanhe orrelations are ompletely independent
of the analysis of higher-order power spetra experimen-
tal data, arried out in Refs. 19, 20, and whih leads to
the very same onlusion as regards BN in samples of
Fe21Co64B15.
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